

A game is mathematically “fair” if each player has an equal chance of winning. Consider the following game:
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A bag contains red marbles and blue marbles. Each of two players draws a colored marble from the bag.
· If the marbles are the same color, player 1 wins.

· If the marbles are different colors, player 2 wins.

How many marbles of each color should be placed in the bag in order for the game to be fair?

If you wish to experiment with configurations, use a standard “marbles in a bag simulator” located at: http://www.shodor.org/interactivate/activities/marbles/index.html
Multiple methods make this problem accessible to a wide range of people with varying mathematical backgrounds. It is simple enough to grant access to all, yet complex enough to intrigue and challenge those with strong mathematical backgrounds.
Entry and Exploration

· Use the linked website to hypothesize and test (a sophisticated version of guess and check).
· Be sure to verify the settings.
· Hypothesize the number of red and blue marbles and enter your guess.
· Enter 0 for orange and green marbles.
· Does the order in which you draw marbles matter?  No 

· Do we replace a marble after it was drawn? No – we are removing 2 from the bag at the same time

· Run as many trials as you like.
· Notice in the chart, that the program also calculates the theoretical probabilities as well.
· Are there more solutions than what you found? If so, how many more?

Numerical Approach (with probability background)
Again, using a hypothesize and test strategy, a common starting point is the same number of each marble. Start with 2 of each color. Recall that player 1 wins if the marbles are the same color and player 2 wins if the marbles are different colors.

Look at the sample space (the possibilities):

	1st marble
	2nd marble

	Red
	Red

	Red
	Blue

	Blue
	Red

	Blue
	Blue


Player 1's wins are highlighted in yellow while player 2's wins are highlighted in green. Find the probabilities of each of these cases:
Case 1 (Red-Red): 
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Case 2 (Red-Blue): 
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Case 3 (Blue-Red): 
[image: image3.wmf]3

1

3

2

4

2

=

×


Case 4 (Blue-Blue): 
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In this setting, player 1 wins in cases 1 and 4 and therefore wins 
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of the time. Player 2 wins in cases 2 and 3 and therefore wins 
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With 2 marbles of each color, the game is not fair.

Try again, this time guessing 2 red marbles and 1 blue marble. Find the probabilities of each of the cases:

Case 1 (Red-Red): 
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Case 2 (Red-Blue): 
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Case 3 (Blue-Red): 
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Case 4 (Blue-Blue): 
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In this setting, player 1 wins in cases 1 and 4 and therefore wins 
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of the time. Player 2 wins in cases 2 and 3 and therefore wins 
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With 2 red marbles and 1 blue marble, the game is not fair.

Try again, this time guessing 3 red marbles and 1 blue marble. Find the probabilities of each of the cases:

Case 1 (Red-Red): 
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Case 2 (Red-Blue): 
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Case 3 (Blue-Red): 
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Case 4 (Blue-Blue): 
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In this setting, player 1 wins in cases 1 and 4 and therefore wins 
[image: image17.wmf]2

1

0

2

1

=

+

of the time. Player 2 wins in cases 2 and 3 and therefore wins 
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With 3 red marbles and 1 blue marble, the game is fair!
Are there more solutions? If so, what are they and how many more are there?

Symbolic Approach (basic probability and up to pre-calculus skills)

Examine the problem in the abstract. Assume we choose r red marbles and b blue marbles. Now, examine our cases again.

Case 1 (Red-Red): 
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Case 2 (Red-Blue): 
[image: image20.wmf]1

-

+

×

+

b

r

b

b

r

r


Case 3 (Blue-Red): 
[image: image21.wmf]1

-

+

×

+

b

r

r

b

r

b


Case 4 (Blue-Blue): 
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Player 1 wins in cases 1 and 4 and therefore wins:
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of the time.

Player 2 wins in cases 2 and 3 and therefore wins:
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In order for the game to be fair, these two probabilities must be equal. Therefore their numerators must be equal.
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We need to find integral solutions to this equation.
Solve the equation for r to get the quadratic:
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In order for r to be an integer, the discriminant must be a perfect square. Therefore,
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 must be a perfect square. Simplify this to get:


[image: image28.wmf]1

8

4

4

1

4

4

2

2

+

+

-

+

+

b

b

b

b

b


Then 
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must be a perfect square (and remember b must be an integer). This will only be true for odd perfect squares (think of the +1 and then dividing by 8). 

8b+1=1 yields b=0 – remember the number of blues must be greater than 0.

8b+1=9 yields b=1

8b+1=25 yields b=3

8b+1=49 yields b=6

8b+1=81 yields b=10

8b+1=121 yields b=15

8b+1=169 yields b=21

There is a clear pattern to these numbers b=1, 3, 6, 10, 15, 21, …

These are the triangular numbers (coming from adding consecutive integers):

	1
	1

	3
	1+2

	6
	1+2+3

	10
	1+2+3+4

	15
	1+2+3+4+5

	21
	1+2+3+4+5+6

	?????
	1+2+3+…+n


To find the nth triangular number, you can use Gauss' formula for adding consecutive integers (or arithmetic series) to get:
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We could go off on a tangent to show this:
1  +  2  +  3  +  4  +  …  +   97  +  98  +  99  +  100
Notice that:

1 + 100 = 101

2 + 99 = 101

3 + 98 = 101

4 + 97 = 101 and so on.

In fact each pair in this manner adds up to 101 (which happens to be the first plus the last number). How many pairs are there? There are 100/2 or 50 pairs. So add 101 to itself 50 times or take 50(101) to get 5050.

To generalize, take the series:

1  +  2  +  3  +  4  +  …  +   n
Follow the process above. Add the first number to the last to get 1 + n. Then how many pairs are there? There are n/2 pairs. Then, looking at the algebra, we get:
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We now have all the possible numbers of blue marbles and need to go back to our formula for the corresponding numbers of red marbles.

	Blue Marbles
	Formula: 
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	Red Marbles

	1
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	3

	3
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	1 or 6

	6
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	3 or 10

	10
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	6 or 15

	15
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	10 or 21

	As long as the number of red and blue marbles are consecutive triangular numbers (in any order), the game will be fair! How cool is that!
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	Substitute n-1 and n+1 for n
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Given the sequence of triangular numbers:

1, 3, 6, 10, 15, 21, 28, 36, 45, 55, …

Pick any two consecutive numbers from the sequence for your red and blue marbles (or for your blue and red marbles) and the game will be fair! You could even go back and test it out with the simulator:
http://www.shodor.org/interactivate/activities/marbles/index.html
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